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Abstract-Let M ,,+*_-1((~) denote the class of functions of the form 
f(z) = -$ + 3 +...+~+~-lz~ +... , p E N = {1,2,3,. }, 
that are regular in the annulus D = {z : 0 < Iz/ < 1) and satisfy 
Re 
Z(D”+*-‘f(z))’ 
D”+p-if(z) 
< _-(I 
for 0 5 (Y < p and jzj < 1, where 
D”+*-‘f(z) = ; ( ;“n+;;:f;;;) (n+p-1) 
We prove that &+*(a) C Mn+p--l(cy), where n is any integer greater than -p. We also consider 
some integrals of functions in the class M,,+*--l (a). 
1. INTRODUCTION 
Let c, denote the class of functions of the form 
f(z) = $ + 3 +. . . + u/c+p-1 .zk f.. . , (1.1) 
which are regular in the annulus D = {z : 0 < I.z[ < l}, where p is a positive integer. The 
Hadamard product or convolution of two functions f and g in C, will be denoted by f * g. Let 
D”+“-‘f(Z) = zp(l $n+P * f(z)’ z E D, (1.2) 
Typeset by A&-w 
25 
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or, equivalently, 
p+p-If(z) = $ (;;y;‘i;/) (n+P- 1) 
= $+(n+P)ao&+ (n+P+l)(n+P)al 1 
2! zP--2 
+...+ 
(n+k+2P-1)*-(n+p)ak+p_lz~+... , 
(k + P)! 
2 E D, 
where n is any integer greater than -p. 
In this paper, among other things, we shall show that a function f(z) in Cp, which satisfies 
one of the conditions 
Re (1.3) 
where n is any integer greater than -p, is meromorphically pvalent starlike in U. More precisely, 
it is proved that, for the classes M,+,_r(a) of functions in C, satisfying (1.3), 
M71+p(a) c iw&+,-lb), OIa<p. w 
Since A&(a) equals C*(a) (the class of meromorphically pvalent starlike functions of order LL in 
U [l]), the starlikeness of members of Mn+p_i (cx) is a consequence of (1.4). 
2. PROPERTIES OF THE CLASS Mn+p-l(cu) 
In proving our main results, we shall need the following lemma due to Jack [2]. 
LEMMA. Let w be nonconstant regular in U = {z : Iz1 < l}, w(0) = 0. If Iwl attains its maximum 
value on the circle It] = r < 1 at ZO, we have ZOW’(ZO) = kw(zo), where k is a real number, k 2 1. 
THEOREM 1. Mn+p (cx) C A&+,-i(a) for each integer n greater than -p. 
PROOF. Let f(z) E Mn+p(~). Then 
Re 
We have to show that (2.1) implies the inequality 
Re z(D 
n++(Z)) 
D”+P-if(z) 
< _-(y. 
Define the analytic function w(z) in U by 
4D n+p-l.fM>’ p + (2a - P)W(Z) =_ 
D”+p-if(z) 1+w(z) ’ 
w(z) # -1. 
Clearly, w(0) = 0. Using the identity 
z( Dn+P- 1 f(z))' = (n +p)D”+“f(z)- (n+ ~P)D~+~-~~(z), (2.4) 
the equation (2.3) may be written as 
D”+“f(z) = n+p+(n+3p-%2)w(z) 
D”+p-lf(Z) (n +p)(l +w(z)) ’ 
P-1) 
(2.2) 
(2.3) 
(2.5) 
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Differentiating (2.5) logarithmically, we obtain 
Q”+V(z))’ = _p + i”:: --$)M + 2(p - a)zzu’(z) 
o”+pf(z) (1+ W(Z))(7I +p+ (n + 3p - 2a)w(z))’ (2.6) 
We claim that (w(z)( < 1 in U. For otherwise (by Jack’s lemma), there exists ~0 in U such that 
zow’(zo) = kw(zo), (2.7) 
where Iw(zo)l = 1 and lc > 1. The equation (2.6) in conjunction with (2.7) yields 
zo(D”+pf(zo))’ = _P + Pa - PMZO) + 2(P - a)kw(zo) 
D”+pf(zo) 1 + w(zo) (l+w(zo))(n+p+(n+3~-2c+(zo))’ (2’8) 
Thus, 
Re 
zo(~“+Pf(zo))’ 
> 
> _cr + P-a 
II”+“f(zo) - 
> -cX, 
2(n + 2p - a) - W-9 
which contradicts (2.1). Hence, lw(z)l < 1 in U, and from (2.3) it follows that f(z) E Mn+p--l(cr). 
THEOREM 2. Let f(z) E C, satisfy the condition 
Re 
z(o”+p-If(Z)) 
> 
< _a + p - QI 
D”+P-lf(Z) 2(c+p-a)’ 
z E u, 
for a given integer n > -p and c > 0. Then 
F,(z) = -& /= tc+“?f(4 dt 
0 
belongs to Mn+p_ I(Q). 
PROOF. Let f(z) E C, satisfying (2.10). Define the analytic function W(Z) in U by 
z(D”f”-‘F,(z))’ = _P + (2Q - PMZ) 
Dn+p-‘F,(z) 1 +w(z) ’ 
w(z) # -1. 
Clearly, w(O) = 0. Using the identity 
Z(Dn+P--l&(Z))’ = cp+p-‘f(z) - (c +p)Dn+p-1qz)7 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
we see that 
II”+“-If(z) 
CDrr+P-‘qz) = 
c + (c f 2p - 2a)w(z) 
1+20(z) . 
Further, differentiating both sides logarithmically, the equation (2.12) may be written as 
4D “+p-lfw 2(p - cu)zw’(z) = _ 
D”+“-if(z) 
P + Pa - PMZ) + 
1 + w(z) (1 + W(Z))(C + (c + 2P - 2cy)w(z))’ 
(2.14) 
We claim that lw(z)I < 1 in U. For otherwise (by Jack’s lemma), there exists zo in U such that 
zgw’(z) = Icw(zo), (2.15) 
where Iw(zo)l = 1 and Ic 2 1. Combining (2.14) and (2.15), we obtain 
zo(D “+p-‘f(zO))’ > _-Ly + p - cr 
D”+P-‘f(zo) - 
> -c-Y, 
2(c+p-a) - 
(2.16) 
which contradicts (2.10). Hence, (w(z)\ < 1 in U, and from (2.12) it follows that F,(Z) E 
Mn+p-1(~). 
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Similarly, from Theorem 2, we have 
COROLLARY. Let f(z) E Mn+p--l(~). Then F,(z) defined 
wL+,-l(4. 
by (2.11) belongs to the class 
REMARK 1. A result of Bajpai [3] turns out to be a particular case of the above Theorem 2 when 
p = 1, n = 0, a = 0, and c = 1. 
REMARK 2. For p = 1, n = 0, and Q = 0, the above Theorem 2 extends a result of Goel and 
Sohi [4]. 
THEOREM 3. Let f(z) E Mnfp--l (a). Then Fnfp(z) defined by (2.11) with c = n+p belongs to 
the class Mn+p(~). 
PROOF. For the function Fn+P (z) defined by (2.11) with c = n + p, we have 
cP+p-if(z) = (n +P)D~+~F,+,(z) - (n fp - c)D”+“-~F~+~(.~). (2.17) 
Taking c = n + p in the above relation (2.17), we obtain 
II”+“-‘f(z) = Dn+PFn+p(z). 
This implies that Fn+p belongs to the class K+p (a). 
THEOREM 4. Let F,(z) E Mn+p--l (a) and let f(z) be defined as (2.11). Then 
(2.18) 
Re z(* 
“fp-V(z))’ 
> 
< _cr 
D”+“-if(z) ’ 1.z < R,, 
where 
R, = -(p - a + 1) + J(p - a + 1>2 + c(c + 2(P - a)) 
c + 2(p - a) 
PROOF. Since F,(z) E Mnfp_~(a), we can write 
(2.19) 
z(D”+“-~F~(z))’ 
D”+p-lF,(z) 
= -(a + (P - ~)U(Z)), (2.20) 
where u(z) E P, the class of functions with positive real part in U and normalized by u(O) = 1. 
Using the equation (2.13) and differentiating (2.20), we obtain 
m+cY 
P-a = +) + (c + p) - (r:;; - QI)u(z)) 
(2.21) 
~zu’(.z)~ 2r 
Using the well known estimates, ~ - 
equation (2.21) yields 
Reu(z) ’ 1 - r2 
(1.Z = T-) and Reu(z) 5 s (IzI = T), the 
t(D”+“-‘J(r))’ + (y 
D”+P-‘f(z) (2.22) 
p--a 
Now the right hand side of (2.22) is positive provided T < R,. Hence, f(z) E M,+,-,(a) for 
121 < R,. 
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